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CLASSIFICATION OF IDEMPOTENT STATES ON THE 
COMPACT QUANTUM GROUPS Ug{2), SUg{2), AND 50^(3) 

UWE FRANZ, ADAM SKALSKI, AND REIJI TOMATSU 

Abstract. We give a simple characterisation of those idempotent states on 
compact quantum groups which arise as Haar states on quantum subgroups, 
show that aU idempotent states on quantum groups Uq{2), SUq{2), and 50,(3) 
{q E (—1,0) U (0, 1]) arise in this manner and hst the idempotent states on 
compact quantum semigroups Uo{2), SUo{2), and iS'Oo(3). In the Appendix 
we provide a simple proof of coamenability of the deformations of classical 
compact Lie groups. 



1. Introduction 

It is well known that if X is a locally compact topological semigroup, then 
the space of regular probability measures on X possesses a natural convolution 
product. Analogously if A is a compact quantum semigroup, i.e. a unital C*- 
algebra together with a coproduct (i.e., coassociative unital *-homomorphism) 
A : A — i> A ® A then one can consider a natural associative convolution product 
on the state space of A, 

A 7t /i = (A (g) /i) o A, \,heS{A). 

It is natural to ask whether one can characterise the states which satisfy the 
idempotent property 

A particular and most important example of an idempotent state is the Haar 
state on a given compact quantum group in the sense of Woronowicz |Wor98j . 
More general idempotent states arise naturally in considerations of Cesaro limits 
of convolution operators on compact quantum groups, cf. [FSQSaJ . They are also 
an important ingredient in the construction of quantum hypergroups |CV99] and 
occur as initial value ipo of convolution semigroups {(pt)t>o of states on quantum 
groups, if one relaxes the initial condition ipo = e, cf. |FScOOj . 
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For classical compact groups, Kawada and Ito have proven that all idempo- 
tent measures are induced by Haar measures of compact subgroups, see |KI40[ 
theorem 3]. Later this result was extended to arbitrary locally compact topo- 
logical groups, see |Hey77| and references therein. In [Pal96j Pal showed that 
this characterisation does not extend to quantum groups by giving an example of 
an idempotent state on the Kac-Paljutkin quantum group which cannot arise as 
the Haar state on a quantum subgroup. In |FS08b] the first two authors began 
a systematic study of idempotent states on compact quantum groups. In par- 
ticular we exhibited further examples of idempotent states on quantum groups 
that are not induced by Haar states of quantum subgroups and gave a character- 
isation of idempotent states on finite quantum groups in terms of sub quantum 
hypergroups. 

In this work we continue the analysis began in [FS08bl| and show a simple 
characterisation of those idempotent states which arise as Haar states on quantum 
subgroups, so-called Haar idempotents. The main result of the present paper is 
the classification of all idempotent states on the compact quantum groups Uq{2), 
SUq{2), and 5*0^(3) for q e (—1, 1] \ {0}. It turns out that they are all induced 
by quantum subgroups, cf. Theorems 14. 5[ \5A] and 15.21 As a byproduct we obtain 
the classification of quantum subgroups of the afore-mentioned quantum groups, 
giving a new proof of the known result of Podles |Pod95] for SUq{2) and SOq{?>). 

For the value g = 0, the quantum cancellation properties fail and Uq{2), SUq{2), 
and S'0o(3) are no longer compact quantum groups. But they can still be con- 
sidered as compact quantum semigroups so that as explained above their state 
spaces have natural convolution products. Using this we determine all idempo- 
tent states on Uq{2), SUq{2), and S0o{3), see Theorems 16.31 and 16.51 and 16. 6[ It 
turns out that in the case g = there exist additional families of idempotent 
states, which do not appear when g 7^ 0. 

The detailed plan of the paper is as follows: in Section 2 we list the back- 
ground results and definitions we need in the rest of the paper. In particular 
we recall the definitions of the quantum groups being the subject of the paper, 
discuss their corepresentation theory and present explicit formulas for their Haar 
states. Section 3 introduces idempotent states on compact quantum groups, pro- 
vides the characterisation of those idempotent states which arise as Haar states 
on quantum subgroups (extending the results for finite quantum groups given 
in |FS08b] ) and briefly discusses the commutative and cocommutative situation 
under the coamenability assumption. Section 4 contains main technical argu- 
ments of the paper and ends with the characterisation of all idempotent states 
on Uq{2) for q G (—1, 1] \ {0}. In Section 5 we show how one can deduce the 
corresponding statements for SUq{2) and SOq{?>). Section 6 contains the classifi- 
cation of the idempotent states on compact quantum semigroups Uq{2), SUo{2), 
and SOo{S). Finally in Section 7, we use the result of |FS08b] showing that idem- 
potent states on compact quantum groups are group-like projections in the dual 
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quantum group, giving rise to algebraic quantum hypergroups by the construc- 
tion given in |LvD07j . and discuss the quantum hypergroups associated to these 
group-hke projections for the case of SUq{2). The appendix contains a short di- 
rect proof of coamenabihty of deformations of classical compact Lie groups based 
on the representation theory developed in |KS98j . 

2. Preliminaries 

The symbol ® will denote the spatial tensor product of C*-algebras, will be 
reserved for the purely algebraic tensor product. 

2.1. Compact quantum groups. The notion of compact quantum groups has 
been introduced in |Wor87aj . Here we adopt the definition from [Wor98j (Defi- 
nition 2.1 of that paper). 

Definition 2.1. A C* -hialgehra (a compact quantum semigroup) is a pair (A, A), 
where A is a unital C*-algebra, A:A^A(8>Aisa unital, *-homomorphic map 
which is coassociative 

(A ® o A = (idA ® A) o A. 
If the quantum cancellation properties 

LiE((l O A)A(A)) = LiE((A ® l)A(A)) = A ® A, 
are satisfied, then the pair (A, A) is called a compact quantum group. 

In quantum group theory it is quite common to write A = C (G) , to emphasize 
that A is considered as the algebra of functions on a compact quantum group G 
— but note that the symbol G itself has no meaning. 

The map A is called the coproduct of A, it induces the convolution product 

A^/i := (A (g)yu) o A, A,/iGA*. 

A unitary U G M„(A) is called a (finite- dimensional) unitary corepresentation 
of A if for alH, j = 1, . . . , n we have A{Uij) = Ylk=i ® Ukj- It is said to be 
irreducible, if the only matrices T e M„(C) with TU = UT are multiples of the 
identity matrix. 

Possibly the most important feature of compact quantum groups is the exis- 
tence of the dense *-subalgebra A (the algebra of matrix coefficients of irreducible 
unitary corepresentations of A), which is in fact a Hopf *-algebra - so for example 
A : A ^ A Q A. This *-Hopf algebra is also denoted by ^ = Pol G, and treated 
as the analog of polynomial functions of G. 

Another fact of the crucial importance is given in the following result. Theorem 
2.3 of |Wor98j . 

Proposition 2.2. Let IK he a compact quantum group. There exists a unique 
state h E k* ( called the Haar state of k) such that for all a E k 

{h ® id^) o A(a) = (idA ® h) o A(a) = h{a)l. 
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A compact quantum group is said to be in reduced form if the Haar state h is 
faithful. If it is not the case we can always quotient out the kernel of h. This 
procedure in particular does not influence the underlying Hopf *-algebra A; in 
fact the reduced object may be viewed as the natural completion of A in the 
GNS representation with respect to h (as opposed for example to the universal 
completion of A, for details see [BMTOlj ). In general the reduced and universal 
object need not coincide. This leads to certain technical complications which 
are not of essential importance in our context (for example if a discrete group 
r is not amenable, the reduced C*-algebra of F is a proper quantum subgroup 
of the universal C*-algebra of F, even though they have 'identical' Haar states). 
To avoid such difficulties we focus on the class of coamenable compact quantum 
groups ( |BMT01| . see the Appendix to this paper for more information), for 
which the reduced and universal C*-algebraic completions of A are naturally 
isomorphic. All deformations of classical compact Lie groups, so in particular 
quantum groups Uq{2), SUq{2) and SOq{?>) we consider in Sections 4 and 5 are 
known to be coamenable ( |Ban99j ): we give a simple proof of this fact in the 
Appendix. 

The following definition was introduced by Podles in the context of compact 
matrix pseudogroups (Definition 1.3 of |Pod95] ). 

Definition 2.3. A compact quantum group B is said to be a quantum subgroup 
of a compact quantum group A if there exists a surjective compact quantum 
group morphism j : A ^ B, i.e. a surjective unital *-homomorphism j : A — > B 
such that 



Strictly speaking, one should consider the pairs (B,j), since A can contain 
several copies of B with different morphisms. We will not distinguish between 
(B,j) and (B',j') if there exists an isomorphism of quantum groups B : B — B' 
such that Boj = j' . Note that such isomorphic pairs induce the same idempotent 
state = h^oj = hB'oj', since uniqueness of the Haar states implies Hb = /ib'O©- 

Any compact quantum group contains itself and the trivial compact quantum 
group C as quantum subgroups; further these two quantum subgroups will be 
called trivial. If G is a compact group and a compact quantum group A contains 
G as a quantum subgroup, via a morphism j : A ^ C{G), we will sometimes 
simply say that G is a subgroup of A. 

2.2. g-Numbers. Let q ^ 1. We will use the following notation for g-numbers. 



(2.1) 



Ab o j = (j ® j) o Aa. 



(x; q) 



n 



(l-x)(l-gx)---(l-g"-^x), 

(g;g)n 



n 



k 



{q; q)k{q; q)n-k 



for n G Z+, < A; < n, x G M. 
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2.3. The Woronowicz quantum group SUq{2). |Wor87a[ IWor87bj For g G M, 

we denote by Pol SUq{2) the *-bialgebra generated by a and 7, with the relations 

07 = qja, 07* = g7*a, 7*7 = 77*, 
7 7 + a a = 1, aa — a a = (1 — g j7 7, 

and comultiplication and counit defined by setting 

A(a) = a ® a — 57* ® 7, ^(7) = 7 (g) a + a* (g) 7, 

and e{a) = 1, 5(7) = 0. For g 7^ 0, PolS'f/g(2) admits an antipode. On the 
generators, it acts as 

S{a) = a* and 5'(7) = —57. 

Denote the universal enveloping C*-algebra of Pol SUq{2) by C{SUq{2)), then A 
extends uniquely to a non-degenerate coassociative homomorphism A : C{SUq{2)) 
C{SUq{2))®C{SUq{2)), and the pan {C{SUq{2)), A) is a C*-bialgebra. For g ^ 0, 
C{SUq{2)) is even a compact quantum group. 

Note that the mapping a a* and 7 ^ q'y* induces isomorphisms Pol SUi/q{2) — > 
Po\SUq{2), C{SUi/q{2)) C{SUq{2)), therefore it is sufficient to consider q e 

[-hi]- 

2.3.1. Representation theory of C{SUq{2)). |Wor87b[IVS88] The C*-algebra C(5[/g(2)) 
has two families of irreducible representations. The first family consists of the 
one-dimensional representations pe, < 6* < 27r, given by 

pg{a) = 
Peil) = 0. 

The other family consist of infinite-dimensional representations Tr^, < ^ < 27r, 
acting on a separable Hilbert space t) by 



7re(7)en = 

where {e„; n e Z_|_} is an orthonormal basis for f). 

This list is complete, i.e. any irreducible representation of C{SUq{2)) is uni- 
tarily equivalent to a representation in one of the two families above (Theorem 
3.2 of [VS88] l It is known that the C*-algebra C{SUq{2)) is of type I, there- 
fore any representation can be written as a direct integral over the irreducible 
representations given above. 



e„-i 



if 
if 



n > 0, 
n = 0, 
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2.3.2. Quantum subgroups of SUq{2). Let Polf/(l) denote the *-algebra gener- 
ated by one unitary w, ww* = w*w = 1. With A{w) = w ® w, e{w) = 1, 
S{w) = w*, this becomes a *-Hopf algebra. Its enveloping C*-algebra C(t/(1)) is 
a compact quantum group. Note that the *-algebra homomorphism Pol SUq{2) — > 
Polt/(l) defined by a i— >• w, 7 ^— extends to a surjective compact quantum 
group morphism j : C{SUq{2)) — > C(f/(1)), i.e. U{1) is a quantum subgroup 
of SUq{2). Furthermore, Podles in Theorem 2.1 of |Pod95j has shown that, for 
q e (—1, 0) U (0, 1), U{1) and its closed subgroups are the only non-trivial quan- 
tum subgroups of SUq{2). This will also follow from the results in Section 4. 

There exists a second morphism j' : C{SUq{2)) — > C(f/(1)), determined by 
j' : a I— i> w*,7 1-^ 0. But we do not need to distinguish the pairs (C(?7(l)),j) 
and (C(t/(1)), j'), since they are related by the automorphism 6 of C(f/(1)) with 

2.3.3. Corepresentations of SUq{2). Let q G (—1,0) U (0,1). We recall a few 
basic facts about the corepresentations of SUq{2), for more details see |Wor87at 
IWor87bl IV5881 lMMN+881 IKoo89] . For each non-negative half-integer s e |Z+ 
there exists a 2s + 1-dimensional irreducible unitary corepresentation m*^*) = 



-s<k/<s of SUq{2), which is unique up to unitary equivalence. Note that 
that indices k, i run over the set {—s, — s + 1, . . . , s — 1, s}, they are integers if 
s e is integer, and half-integer if s G (|Z_|_)\Z+ is half-integer. This conven- 
tion is also used further in the paper. 

The matrix elements s G ^Z_|_, —s<k,i<s, span Fo\SUq{2) and they 
are linearly dense in C{SUq{2)), therefore will be sufficient for our calculations. 
We have 



u 



(0) 



(1), 



u 



(1/2) 



a —qT 

7 a* 



a 



u 



(1) 



1 + g^7a; 
2 



1 



-q^/lT~(fYc( 
- (1 + q')Yl 



q\Yf 
-g^/l + q^a*Y 



X ^1 q^a*-i 

and the matrix elements of the higher- dimensional corepresentations are of the 
form 

for 



u 



is) 
ki 



a 



a 



Pkl 1 



{a*f+'pth''-' 



(a" 



for 
for 
for 



k + 
k + 
k + 
k + 



< 0, > 

< 0, A; < 

> 0, A; > 

> 0, A; < 



where p^j^^ is a polynomial in 7*7. 

In particular, for s an integer, u^qq = ^3(7*7; 1, 1; g^) is the little g-Legendre 



polynomial and u^, 



is) 



' 2s ' 






g2 
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If we define a Z-grading on Po\SUg{2) by 

dega = dega* = 0, deg7 = 1, deg7* = —1, 

then we have 

deg ul^g = k - i. 

With this grading, it is straight-forward to verify the following formula for the 
square of the antipode on homogeneous elements, 

(2.2) 52^a) = g2degaa. 

2.3.4. The Haar state of SUq(2). As stated in Proposition 12. 2[ there exists a 
unique invariant state h on the compact quantum group SUq{2), called the Haar 
state. The Haar state is the identity on the one-dimensional corepresentation, 
and vanishes on the matrix elements of all other irreducible corepresentations, 
i.e. 

h («H ) = ^0. 

for s G —s<k,i<s. On polynomials ^(7*7) G €[7*7], it is equal to 

Jackson's g- integral ( |Koo89j ). 

00 „i 
Mp(7*7)) = (1 - q')J2^'W^ =■ / 

2.4. The compact quantum group 6*05(3). A compact quantum group B 
is called a quotient group of (A, A), if there exists an injective morphism of 
quantum groups j : B — A. The compact quantum group S0q{3) can be defined 
as the quotient of SUq(2) by the quantum subgroup Z2, cf. |Pod95] . Pol 5*05(3) 
is the subalgebra of PolS'?7g(2) spanned by the matrix elements of the unitary 
irreducible corepresentations with integer label, and 0(5*05(3)) its norm closure. 
The Haar state on 50g(3) is simply the restriction of the Haar state on SUq{2). 
Podles |Pod95j has shown that 50^(3) and 50_g(3) are isomorphic. 

2.4.1. The semigroup case q = 0. We define Pol 50o(3) as the unital *-subalgebra 
of Pol5f/o(2) generated by a^, 7^, 7a, 7*0;, and 7*7, i.e. 

Pol 50o(3) = span { (a*)"7^a^ {a*Y{-f*)''a' ■.r,k,seZ+ s.t. r + k + s even}. 

Since 

k 

A((a*)V«') = J2^a*Y+''-''-f^a' ®{a*Y-f^-^a'+'', 

K=0 

k 

A((a*)"(7*)V) = ^(a*)'^(7*)'^a^+'=-'^® (a*)^+"(7*)'=-'^a^ 

this is a sub *-Hopf algebra in Pol5f/o(2). The 0*-bialgebra O(50o(3)) is then 
defined as the norm closure of Pol50o(3) in O(5?7o(2)). 
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2.4.2. The conditional expectation E : C{SUq{2)) C{S0q{3)) . Looking at the 
defining relations of SUq{2), it is clear that : a — > —a, 7 —>■ —7 extends 
to a unique *-algebra automorphism of C{SUq{2)). Therefore E = |(id + -i?) 
defines a completely positive unital map from C{SUq{2)) to itself. If 02 = ° J 
denotes the idempotent state on SUq{2) induced by the Haar measure of Z2 (with 
j : SUq{2) C(Z2) the corresponding surjective morphism), then we can write 
E also as 

E = (id(g) 60) o A. 



(s) 

— J ^fc/ if s G Z+, 



Checking 

' else. 

we can show that the range of E is equal to C{S0q{3)). Furthermore, E satisfies 
A o E = {id® E) o A = {E ® id) o A = {E ® E) o A. 

2.4.3. Quantum subgroups of SO q{3) . The restriction of the morphism j : C{SUq{2)) 
C{U{1)) to C{S0q{3)) is no longer surjective, its range is equal to the subalgebra 
{/ G C{U{1)) : f{z) = f{-z)^z G U{1)} = C{U(l)/Z,). Since f/(l)/Z2 = 
we see that S0q{3) contains U{1) = 5*0(2) and its closed subgroups as quantum 
subgroups. Podles [Pod95j has shown that these are the only non-trivial quantum 
subgroups of S0q{3). Again this can be deduced from the results of Section 5. 



2.5. The compact quantum group Uq{2). |Koe9H |Wys04[ IZZ05] Let q G 



Then Pol?7q(2) is defined as the *-bialgebra generated by a, c, and with the 
relations 

av = va, cv = vc, cc* = c*c, 
ac = qca, ac* = qc*a, vv* = v*v = 1, 
aa + q cc = l= aa + cc, 
A{a) = a® a — qc*v* ® c, A(c) = c®)a + a®c, A{v) = v ®v, 
e{a) = e{v) = 1, e{c) = 0. 

For g 7^ 0, Polf/g(2) admits an antipode, given by 

S{a) = a*, S{v) = V*, S{c) = —qcv, 

on the generators. 

Denote the universal enveloping C*-algebra of Pol[/g(2) by C{Uq{2)), then 
A : PolUq{2) Polf/g(2) © Polf/q(2) extends uniquely to a non-degenerate 
coassociative homomorphism A : C{Uq{2)) C{Uq{2)) ® C{Uq{2)), and the pair 
{C(Uq{2)), A) is a C*-bialgebra. For g 7^ 0, C{Uq{2)) is even a compact quantum 
group. It is again sufficient to consider q G [—1,1], since Uq{2) and Ui/q{2) are 
isomorphic. 
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2.5.1. Quantum subgroups of Uq{2). The mapping a\—>-a,c^'-f,v^l extends 
to a surjective compact quantum group morphism C{Ug{2)) C{SUq(2)) and 
shows that SUq{2) is a quantum subgroup of Uq{2). Actually, as a C*-algebra, 
Uq{2) is isomorphic to the tensor product of C{SUq{2)) and C{U{1)). As a com- 
pact quantum group, it is equal to a twisted product of C{SUq{2)) and C{U{1)), 
cf. |Wys04| , written as Uq{2) = SUq{2) [/(I). 

Another quantum subgroup of Uq{2) is the two-dimensional torus. Denote by 
PolT^ the *-Hopf algebra generated by two commuting unitaries, i.e. by wi,W2 
with the relations 

WiWl = 1 = w\Wi, W2W2 = 1 = W2W2, W1W2 = W2W1, W1W2 = W2W1, 

A{wi)=wi®wi, A{w2)=W2®W2, e{wi) = e{w2) = I, 

and C(T^) the compact quantum group obtained as its C*-enveloping algebra. 
Then the mapping a \—> wi, c t— > 0, f 1— > W2 extends to a unique surjective compact 
quantum group morphism C{Uq{2)) C(T^). 

We will see that the twisted products SUq{2) \Kfj '^n, n G N, the torus T^, 
and its closed subgroups are the only non-trivial quantum subgroups of Uq{2), cf. 
Corollary gZl 

2.5.2. Corepresentations ofUq{2). Unitary irreducible corepresentations of f/g (2) 
can be obtained as tensor product of unitary irreducible corepresentations of 
SUq{2) with corepresentations of U{1), cf. |Wys04| . In this way one obtains the 
following family of unitary irreducible corepresentations of Uq{2), 

V J ~s<k/<s 

for p G Z, s G |Zi+. The matrix elements of these corepresentations clearly span 
Polf/g(2). Therefore they are dense in C{Uq{2)) and will be sufficient for the 
calculations in this paper. 

Assume g 7^ 0. We want to compute the action of the square of the antipode on 
the matrix elements of the unitary irreducible corepresentations defined above. 
Since we have S'^(a) = a, S'^(c) = g^c, and S'^{v) = v, we get 

(2.3) S\ui\P+'+') = 

p G Z, s G |Z+, and —s<k,£<s. 

2.5.3. The Haar state ofUq{2). The Haar state h on Uq{2) can be written as a 
tensor product of the Haar state on SUq{2) and the Haar state on it acts 
on the matrix elements of the unitary irreducible corepresentations given above 
as 

for s G |Z+, —s<k,i<s,pEZ. 
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2.6. Multiplicative domain of a completely positive unital map. The 

following result by Choi on multiplicative domains will be useful for us. 

Lemma 2.4. |Cho74[ Theorem 3.1], |Paun2l Theorem 3.18] Let T : A ^ B be a 

completely positive unital linear map between two C* -algebras A and B. Set 

DT = {aeA: T{aa*) = T{a)T{a*),T{a*a) = T{a*)T{a)}. 
Then we have 

T{ah) = T{a)T{h) and T{ha) = T{h)T{a) 
for all a G and h E A. 



3. Idempotent states on compact quantum groups 

In this section we formally introduce the notion of idempotent states on a 
C*-bialgebra, provide a characterisation of those idempotent staets on compact 
quantum hroups which arise as Haar states on quantum subgroups and discuss 
commutative and cocommutative cases. 

Definition 3.1. Let (A, A) be a C*-bialgebra. A state G A* is called an 
idempotent state if 

((/) ® 0) o A = 
i.e. if it is idempotent for the convolution product. 

Assume now that (A, A) is a compact quantum group. 

Definition 3.2. A state G A* is called a Haar state on a quantum subgroup 
of k (or a Haar idempotent) if there exists a quantum subgroup (B,j) of A and 
(f) = Hb o j, where Hq denotes the Haar state on B. 

It is easy to check that each Haar state on a quantum subgroup of A is idempo- 
tent. It follows from the example of Pal in |Pal96] and our work in |FS08b] that 
not every idempotent state is a Haar idempotent. We have the following simple 
characterisation, extending Theorem 4.5 of [FSOSb] . 

Theorem 3.3. Let A be a compact quantum group, let </> G A* be an idempotent 
state and let = {a G A : 0(a*a) = 0} denote the null space of (p. Then cj) is a 
Haar idempotent if and only if is a two-sided (equivalently, selfadjoint) ideal. 

Proof. It is an easy consequence of the Cauchy-Schwarz inequality that N^j, is a 
left ideal; thus it is a two-sided ideal if and only if it is selfadjoint. 

Suppose first that is a Haar idempotent, i.e. there exists a compact quantum 
group B and a surjective compact quantum group morphism j : A — B such that 
(j) = Hb o j. Recall that we assumed Hb to be faithful, so that N^i, = {a G A : 
j{a*a) = 0} = {a G A : j{a) = 0}, which is obviously self-adjoint. 
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Suppose then that A^^ is a two-sided selfadjoint ideal. Let B := /\/N^ and let 
vr^ : A ^ B denote the canonical quotient map. We want to define the coproduct 
on B by the formula 

(3.1) AB0 7r^(a) = (7r^®7r0)oA(a) G B(g)B. 

We need to check that it is well-defined - to this end we employ a slightly modified 
idea from the proof of Theorem 2.1 of |BMTOlj . A standard use of Cauchy- 
Schwarz inequality implies that ^l^r^ = 0, so that there exists a faithful state 
ip & B* such that ip o ir^ = (p. Faithfulness of ip implies that also the map 
ide (8>V'-B®B^Bis faithful (note that here faithfulness of a positive map T is 
understood in the usual sense, namely Ta = and a > imply a = 0) and thus 
also '?/'®'?/'G(B®B)*is faithful. Suppose then that a E N^. We have then 

= 0(a*a) = {(f) 0(f)) o A{a*a) = {ifj ® ifj) o (vr^ (g) TT^){A{a*a)), 

so also (vr,^ ® vr,^) A(a*a) = 0. The last statement implies that (vr,^ ® vr^) A(a) = 
and validity of the definition given in the formula fl3.1l) is established. The fact 
that Ab is a coassociative unital *-homomorphism follows immediately from the 
analogous properties of A; similarly the cancellation properties of B follow from 
obvious equahties of the type 

(B ® Ib)Ab(B) = (vr^ ® 7r^)((A ® 1a)A(A)) 

and the cancellation properties of A. Thus (B, Ab) is a compact quantum group 
and it remains to check that tf) defined above is actually the invariant state on B. 
This is however an immediate consequence of the following observation: 

{ip (g) Ip) O As O TT^ = {(f) ® (f)) O A = (f) = if) O Tl^, 

so that "0 is an idempotent state and, as it is faithful, it has to coincide with the 
Haar state of B f |Wor98j l □ 

Note that the first implication remains valid without the assumption of faithful- 
ness of hs'i alternatively one could exploit the modular properties of Haar states 
on not-necessarily-coamenable compact quantum groups implying that their null 
spaces are always selfadjoint. 

The following proposition will be useful for the classification of idempotent 
states on in the next two sections, cf. |FS08bt Section 3]. 

Proposition 3.4. Let (f> E A* be an idempotent state. Then is invariant under 
the antipode, in the sense that (f>{a) = (f> o S{a) for all a belonging to the *-Hopf 
algebra A. 

3.1. Idempotent states on cocommutative compact quantum groups. 

Suppose now that A is cocommutative, i.e. A = r o A, where r:A®A— >A(8>A 
denoted the usual tensor fiip. It is easy to deduce from the general theory of 
duality for quantum groups ( |KVOO] ) that A is isomorphic to the dual of Co{T), 
where F is a (classical) discrete group. For the reasons mentioned in the previous 
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section in general we need to distinguish between the reduced and the universal 
dual; thus we restrict our attention to amenable F. The following generalises 
Theorem 6.2 of [FS08b] to the infinite-dimensional context. 

Theorem 3.5. Let T be an amenable discrete group and A = C*(r). There is 
a one-to-one correspondence between idempotent states on A and subgroups ofT. 
An idempotent state cf) & k* is a Haar idempotent if and only if the corresponding 
subgroup ofT is normal. 

Proof. The dual of A may be identified with the Fourier-Stieltjes algebra B{r). 
The convolution of functionals in A* corresponds then to the pointwise multipli- 
cation of functions in -B(r) and (p G B(r) corresponds to a positive (respectively, 
unital) functional on A if and only if it is positive definite (respectively, (f){e) = 1). 
This implies that (j) ^ B{r) corresponds to an idempotent state if and only if it is 
an indicator function (of a certain subset S (ZT) which is positive definite. It is 
a well known fact that this happens if and only if S* is a subgroup of F ( |HR70j . 
Cor. (32.7) and Example (34.3 a)). It remains to prove that if S* is a subgroup of 
F then xs ^ -S(F) is a Haar state on a quantum subgroup of A if and only if S is 
normal. For the 'if direction assume that is a normal subgroup and consider 
the compact quantum group B = C*{T/S) (recall that quotients of amenable 
groups are amenable). Let F(T) denote the dense *-subalgebra of A given by the 
functions / = J^jer '^7-^7 (^^7 ^ C, {7 : 7^ 0} finite). Define j : F(T) — * B by 

3 if) = XI "^^H' 

where / is as above. So-defined j is bounded: note that it is a restriction of the 
transpose of the map T : B* ^ A* given by 

T(0)(7) = 0([7]), <PeB{T/S),^eT. 

The map T is well defined as it maps positive definite functions into positive 
definite functions; these generate the relevant Fourier-Stieltjes algebras. Further 
the closed graph theorem allows to prove that T is bounded; therefore so is 
T* : A** — > B** and j = T*\p(ry It is now easy to check that the extension of j 
to A is a surjective unital *-homomorphism (onto B). As the Haar state on B is 
given by 

hs I X ^kAk = a[e], 
\Ker/s / 

there is 

^b(j(/)) = X^"7' 

SO that Hb o j corresponds via the identification of A* to B{r) exactly to the 
characteristic function of S. 
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The other direction follows exactly as in |FS08b] : we reproduce the argument 
for the sake of completeness. Suppose that is a subgroup of F which is not 
normal and let 70 G F, sq £ 5" be such that '^qSq^^ ^ S. Denote by (j)s the state 
on A corresponding to the indicator function of S. Define / G A by / = X^^^so — \o- 
Then 



■'0 



This implies that 

05(/7)=O, 05(/r)=2, 

so that Ker{/)5 is not selfadjoint and (ps cannot be a Haar idempotent. □ 

Corollary 3.6. Let k he a coamenable cocommutative compact quantum group. 
The following are equivalent: 

(1) all idempotent states on A are Haar idempotents; 

(2) A = C*(F) for an amenable hamiltonian (i.e. containing no non-normal 
subgroups) discrete group F. 

4. Idempotent states on Ug{2) {q e (-1,0) U (0, 1]) 

For q = I, C{Ug{2)) is equal to the C*-algebra of continuous functions on the 
unitary group U{2), and by Kawada and Ito's classical theorem all idempotent 
states on C(f/(2)) come from Haar measures of compact subgroups of U{2). 
In this section we shall classify the idempotent states on C{Uq{2)) for —1 < 
g < l,g 7^ 0. It turns out that they all correspond to Haar states of quantum 
subgroups of Uq(2). 

We begin with some preparatory lemmas. 

Lemma 4.1. Let cj) : Polf/g(2) —>■ C be an idempotent state. Then we have 

(j>{u^^y) =0 ^f k^e, 
and (piui'^v'') G {0, 1}, for all s G r e Z, -s < k,i < s. 
Proof. By Proposition [3]ll we have 005* = on Pol Uq{2). Therefore, by Equation 

0(4?z;'-) = o S\uf,v^) = q'^'-'^MIvl 

i.e. 0(4'^'') = for 7^ £. 

Define the matrices Ms^p(0) G M.2s+i{C) by 

Then = is equivalent to 

M,,p(0) = (M,,p(0))' 

for all s G p E Z. As we have already seen that these matrices are diagonal, 
it follows that the diagonal entries can take only the values and 1. □ 



-s<kl<s 
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Lemma 4.2. If (p : Pol[/g(2) ^ C is an idempotent state with 0(moo'') = 1, then 
there exists an idempotent state : Pol — C such that 

(f) = (f) O TTt2 . 

Proof. By the previous lemma 0(c) = 0(c*) = 

We have Uqq^ = 1 — (H-g^)c*c, therefore (piuQo) = 1 is equivalent to 0(c*c) = 0. 
Then by Lemma \2A\ c,c* G D^, and vanishes on expressions of the form uc, 
cu, uc*, c*u with u E Pol?7q(2). But since vc = cv and u^fc = q~'^^~^^cu^^} , 

'^m'^* — (l~'"^~^'^c*u\^^ for s G —s<k,£<s, we can deduce that vanishes 
on the ideal 

Jc = {UiCU2,UiC*U2;Ui,U2 G Polf/g(2)} 

generated by c and c*. It follows that we can divide out Ic, i.e. there exists a 
unique state on Polf/q(2)/Xc such that the diagram 

Polf/,(2)^-Polt/,(2)/X, 




commutes. 

But e{Ic) 



A(J,) C J, Pol f/g(2) + Pol t/,(2) J, 



and S'(Xc) C i.e. Ic is also a Hopf *-ideal and Pol Uq{2)/Ic is a *-Hopf algebra. 
One easily verifies that actually Polf/g(2)/Xc = PolT^. Since ttj-z : Pol[/g(2) ^ 
PolT^ is surjective coalgebra morphism, its dual 7ij2 '■ (PolT^)* 3 f ^ '^j^if) = 
f onj2 G (Polf/g(2))* is an injective algebra homomorphism, and = (7r^2)^^(0) 
is again idempotent. □ 

Lemma 4.3. //0 : Polf/g(2) —>■ C is an idempotent state with 0(uoo'') = 0, then 



00 . 



for all integers s > 1, i.e. we have 0|c[c*c] = h\c[c*c]- 



Proof. Recall Mqq = 1 — (1 + q )c*c. Therefore 0(tioo ) = is equivalent to 

Assume there exists an integer s > 1 with (P^u^qq) = 1. Then the Cauchy- 
Schwarz inequality imphes 4>{{uoo)*Uqq) > 1. The unitarity of the corepresenta- 
tion ti(*'P) gives 



therefore 
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fcS{-s....,s} 



u 



and in particular 



u 



^'^Yu['^) = 0. We have 



2s 
s 



((a*)V)*(a 



<o, 



2s 

s 



c c 



By the representation theory of C{SUg{2)), c*c is positive self-adjoint contrac- 
tion, with the spectrum a{c*c) C {g^";n G Z+} U {0}, and therefore the prod- 
uct (1 — q^c*c) ■ ■ ■ (1 — q'^'^c*c) defines a strictly positive operator. Therefore 



Therefore (hiu 



implies 0((c*c)'*) = 0, which is impossible if 0(c*c) 



00 ) 



for all integers s > 1. 



> 0. 

□ 



Lemma 4.4. Lei 



^0 = spanjw^'^^f s G 2^+' > 0, — s < fc, ^ < s, r G Z} 

z.e. ^0 ^-5 subspace spanned by the matrix elements of the unitary irreducible 
corepresentations of dimension at least two. 
Assume that 0|c[c*c] = /i|c[c*c], i-e. 

0(4o ) = ^Os 

for s G Z+ . 



Then we have 



\Ao 



h 



is) 1 







for all r E Ij, s G |Z+, s > 0, and —s<k,i<s. 

Proof. By Lemma I4T1 we already know that (j){ul^^v^) G {0, 1}, and (j){ul^^v''') = 
for k ^ i. Assume there exist s G |Z+, s > 0, —s < k < s and r G Z such that 

We will show that this is impossible, if (p agrees with the Haar state h on the 
subalgebra generated by c*c. 

By the Cauchy-Schwarz inequality, we have 

2 



1. 



Applying to 



E 



."-ek ) "-Ik 
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we can deduce 



ee{~a,...,s} 



But this contradicts <^|c[c*c] = ^|c[c*c]? because 



<e{-s,...,s} 



is a non-zero positive element in C[c*c] and the Haar state is faithful. □ 

We can now give a description of all idempotent states on Ug{2). It turns out 
that they are all induced by Haar states of quantum subgroups of Uq{2). 

Theorem 4.5. Let q G (—1,0) U (0, 1). Then the following is a complete list of 
the idempotent states on the compact quantum group Uq{2). 

(1) The Haar state h ofUq{2). 

(2) o vTTra, where tttz denotes the surjective quantum group morphism 7^12 : 
C{Uq{2)) — i> C(T^) and is an idempotent state on C(T^). In particular 
ife denotes the counit o/C(T^), then eo 71^2 is the counit ofUq{2). 

(3) The states induced by the Haar states of the compact quantum subgroups 
SUq{2) \K„ Z„ ofUq{2) = SUq{2) U{1), for neN. The case of n = 1 
corresponds to the Haar state on SUq{2) viewed as a quantum subgroup 

0fUq{2). 

Remark 4.6. (1) The compact quantum group C(T^) is commutative, by Kawada 
and Ito's theorem all idempotent states on C(T^) are induced by Haar 
measures of compact subgroups of the two-dimensional torus T^. 
(2) As a compact quantum group, Z„ is given by 

PolZ„ = C(Z„) = span{wo, . . . 

with WkWl = Wk+emodn, S{Wk) = Wn-k = (Wk)* , A(Wfc) = Wk <S) Wk, 

and e{wk) = 1 for k = 0, . . . ,n — 1. The Haar state of Z„ is given by 
h{wk) = Sok- C{Zn) can also be obtained from Polt/(l) by dividing out 
the Hopf *-ideal {ui{w"- — 1)^2; ui,U2 G Pol?7(l)}. 

Analogous to |Wys04[ Section 4], one can define the twisted prod- 



uct SUq{2) Kg. Z„. Alternatively, Pol(S'f/q(2) \k„ Z„) can be obtained 
from Uq{2) = SUq{2) f/(l) by dividing out the Hopf ideal - 
1)^2; Mi,M2 £ Polf/q(2)}, and C{SUq{2) x^- Z„) as its C*-completion. 
This construction shows that SUq{2) Kq- Z„ is a quantum subgroup of 
Uq{2) = SUq{2) [/(I). As in the case of Uq{2), C{SUq{2) Z„) = 
C{SUq{2)) ® C(Z„) as a C^-algebra, and the Haar state of SUq{2) ><„ Z„ 
is equal to the tensor product of the Haar states of SUq{2) and Z„. 

Proof, (of Theorem 14. 5 p Let : C{Uq{2)) ^ C be an idempotent state on Uq{2). 
Clearly is uniquely determined by its restriction to Pol Uq{2). 
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We distinguish two cases. 
Case (i) 0(MgQ^) = 1. In this case Lemma 14.21 shows that is induced by an 
idempotent state on the quantum subgroup of Ug{2), i.e. = (f)onj2 for some 
idempotent state (p : C(T^) C. This case includes the counit e of Uq{2), it 
corresponds to the trivial subgroup {1} of T^. 

Case (ii) 0(moq^) = 0. In this case Lemma 1^3) and Lemma 1131 imply that agrees 
with the Haar state h on the subspace i-e- 

Mlvl = 

for all s G s > 0, —s < k, i < s, and r G Z. It remains to determine 



on 



the *-subalgebra alg{f , v*} generated by f , since Pol Uq{2) = ffialgjf , v*} as a 
vector space. But this subalgebra is isomorphic to the *-Hopf algebra Pol U{1) of 
polynomials on the unit circle, and therefore 0|aig{t),t;*} has to be induced by the 
Haar measure of a compact subgroup of U{1). We have the following possibilities. 

(1) 0|aig{t),D*} = £u{i): i-G- the restriction of to alg{v,v*} is equal to the 
counit of Polf/(l) . In this case we have 

(s) r\ _ / 1 if s = k = £ = 0, and r G Z, 



else. 



This formula shows that = hsuq{2) °'^sUq{2)) where ■nsUq{2) is the quantum 
groups morphism from Uq{2) onto SUq{2) and hsuq{2) denotes the Haar 
state of SUq{2). 

(2) 0|aig{t),t;*} = ^1/(1); i-G- the restriction of to alg{f , v*} is equal to the Haar 
state of Polf/(l) . In this case we have 



1 if s = k = i = and r = 
else. 



We see that in this case is the Haar state h of Uq(2). 
(3) 0|aig{D,'u*} is the idempotent state on f/(l) induced by the Haar measure 
of the subgroup Z„ C U{1) for some n E N, n > 2. In this case we have 



0(4?^ 



1 if s = k = i = and r = mod n 
else. 



It follows that is induced by the Haar state of the quantum subgroup 

SUq{2) Z„ of Uq{2) = SUq{2) X, f/(l). 

Conversely, all the states we have found are induced by Haar states on quantum 
subgroups of Uq{2), therefore they are clearly idempotent. It can be also checked 
directly. □ 

We see that all idempotent states on Uq{2) are induced from Haar states of 
quantum subgroups of Uq{2). We can also deduce the complete list of quantum 
subgroups of Uq{2): 
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Corollary 4.7. Let q G (—1, 0) U (0, 1). Then the following is a complete list of 
the non-trivial quantum subgroups ofUq{2). 

(1) The two-dimensional torus and its closed subgroups. 

(2) The compact quantum groups of the form SUq{2) ^^j^Ln, with n G N (here 
the twisting is identical to that appearing in the identification Uq{2) = 

suq{2) t;. 

5. IDEMPOTENT states on compact quantum groups SUq{2) AND 

50,(3) (gG (-1,0)U(0,1]) 

Let us first discuss the case g = 1. C{SUi{2)) and C{SOi{?>)) are the algebras 
of continuous functions on the groups SU{2) and S0{?>). All idempotent states 
correspond to Haar measures on compact subgroups. The list of these subgroups 
can be found, e.g., in |Pod95j . 

Consider now the generic case q G (—1,0) U (0,1). Every idempotent state 
on SUq{2) induces an idempotent state on Uq{2), since SUq{2) is a quantum 
subgroup of Uq{2). This observation allows us to deduce all idempotent states on 
SUq{2) from Theorem 14. 5[ We omit the details and just state the result. 

Theorem 5.1. Let q G (—1,0) U (0,1). The Haar state, the counit, and the 
idempotent states induced by the quantum subgroups U{1) and Z„, 2 < n < oo, 
are the only idempotent states on SUq{2). 

Since the morphism j : C{SUq(2)) C{U{1)) gives the diagonal matrices 



-s<kl<s 



-2s 



we get 
(5.1) 
and 

(5.2) (/iz.„oj)(4)) 



lU{l) 



u 



ke ) 



(5.3) (/^z.„+,oj)(4)) 



if 

else, 
if 

else. 



if 

else. 



s G Z+, k 



s G Z+, k 



2k = mod 2n, 



2A; = mod 2n + 1, 



for G N. 

Consider now the idempotent states on 5*0,(3). Since 0(50,(3)) is a subal- 
gebra of C{SUq{2)) and since the inclusion map is a quantum group morphism, 
every idempotent state on SUq{2) gives an idempotent state on 50,(3) by re- 
striction. We will show that all idempotent states on 50,(3) arise in this way. 
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It follows that all idempotent states on 5*0^(3) are induced from Haar states of 
quantum subgroups. 

Theorem 5.2. Let q G (—1, 0)U(0, 1) andn an odd integer. Then the restrictions 
to C{SOq{?>)) of the idempotent states hz„ oj and hz2„ °j coincide. 

Furthermore, the Haar state, the counit, and the states induced from the Haar 
states on the quantum subgroups U{1) — 5*0(2) and its closed subgroups are the 
only idempotent states on S0g{3). 

Proof. The first statement follows from Equations (15.21) and (15. 3p . 

Let now (p be an idempotent state on S0q{3). Denote by E the conditional ex- 
pectation from C{SUq{2)) onto C{S0q{3)) introduced in Paragraph 12.4.21 Then 
(j) = (poE defines an idempotent state on SUq{2) such that (p = 0|c{sOq(3))- With 
this observation Theorem 15.21 follows immediately from Theorem 15. 1[ □ 

Remark 5.3. This method applies to quotient quantum groups in general. Let A 
be a compact quantum group. A quantum subgroup (B, j) is called normal, if 
the images of the conditional expectations 

Ea/b = (id (g) (/is o j)) o A, 
Eb\a = ((/iB o i) (g) id) o A, 

coincide, cf. jWanOSi Proposition 2.1 and Definition 2.2]. In this case the quo- 
tient A/B = Ea/b{^) has a natural compact quantum group structure and all 
idempotent states on A/B arise as restrictions of idempotent states on A. 

As a corollary to Theorems 15.11 and 15 .2\ we recover Podles' classification |Pod95] 
of the quantum subgroups of SUq{2) and SOq{?>). 

Corollary 5.4. Let q G (-1,0) U (0,1). Then U{1) ^ S0{2) and its closed 
subgroups are the only non-trivial quantum subgroups of both SUq(2) and S0q{3). 

6. Idempotent states on compact quantum semigroups t/o(2), SUo{2) 

AND S0o{3) 

In this section we compute all idempotent states on Uq{2), SUo{2) and 500(3). 
As in the cases q ^ considered earlier we begin with the 0*-bialgebra C{Uo{2)). 
Again we first need some preparatory observations and lemmas. 

Note that iij2 : C{Uq{2)) — >■ C'(T^) is a well-defined *-algebra and coalgebra 
morphism also for g = 0, so and its compact subgroups induce idempotent 
states on Uo{2). 

For g = the algebraic relations of a and c become 

cc = c c, aa = i, ac = ac = v, a a = i — c c. 

As a is a coisometry, we have a decreasing family of orthogonal projections 
(a*)"a", n G N , which are group-like, i.e. A((a*)"a") = (a*)"a"' ® {a*Ya"-, and 
c*c = 1 — a*a is also an orthogonal projection. 
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Denote by M the unital semigroup U{1) x (Z_,_ U {oo}) with the operation 



ioT zi,Z2 e ^(1), 'ni,n2 € Z+ U {oo}. This is an abehan semigroup with unit 
element cm — (1, oo). Equip Z_|_U{oo} with the topology in which a subset of Z+U 
{oo} is open if and only if it is either an arbitrary subset of Z_|_ or the complement 
of a finite subset of Z_|_ (i.e. Z_|. U {oo} is the one-point-compactification of Z+), 
and equip U{1) x (Z_i_ U {oo}) with the product topology. 

The C*-bialgebra C (M) will play an important role in this section. 

Lemma 6.1. A probability measure p on M is idempotent if and only if there 
exists an n & Z+ U {oo} and an idempotent probability p on U{1) such that 
p^ p®5n- 

Proof. Any probability on M can be expressed as a sum p — Yl^=o Pn ® (^n + 
Poo ® ^ooi where p„, n G Z_|_ U {oo} arc uniquely determined positive measures on 
U{1) with total mass Y1^=q PniP {1)) + Poo(t/(1)) = 1, and 5„ denotes the Dirac 
measure on Z_|_ U {oo}, i.e. 



Clearly, if poo is an idempotent probability on ^7(1) and pn = for n e Z+, then 
p = Poo ® ^oo is idempotent. 

Assume now that poo(f^(l)) < 1- Then there exists a unique n G Z+ such 



that YZ=n+iPm{U{l)) < 1, YlZ=nPrn{U{l)) = 1 (1-6. u IS the Wggcst integer 



m for which p>„i = Poo + Y,T=mPk is a probability). Let p = p„(t/(l)). If p is 
idempotent, then we have 



p = p{U{l) X {n}) = p*^{U{l) X {n}) = (p„ ^ (2p>„ - p„)) (f/(l)) = 2p - p\ 



Since p = p„(t/(l)) > by the choice of n, we get p = I, i.e. p^ = for m 7^ n 
and pn is a probability. Then p„ has to be idempotent, and p = p„ (8) 5„ is of the 
desired form. 

Conversely, any probability of the form p = p„ (g) 5„ with n e Z+ U {00} and 



{zi,ni) ■ (^2,^2) = {ziZ2,mm{ni,n2)) 





_ J 1 if min(n, m) G Q, 
1^ if min(n, m) Q, 

i.e. = (^min(n,m)- Therefore 




p„ idempotent is idempotent. 



□ 



IDEMPOTENT STATES ON Ug{2), SUg{2), AND SOg{3) 



21 



For A; e Z and n e Z+, define functions 6^ : M ^ C by 




The span of these functions is dense in C(M), and they satisfy 



e»ne>i = e.^tl(„,H' = and 6(e^) = e^(eM) 



1. 



For their coproduct, we have 




Proposition 6.2. The semigroup M is a quantum quotient semigroup ofUo{2), 
in the sense that there exists an injective *-algebra homomorphism j from Pol M :— 
span{©^;n e Z+,k e Z} to PolC/o(2) such that 



Proof. For n e Z+ and /c e Z, define = {a*)Vv'' e Po\Uq{2). From 
the defining relations of Uq{2), one can check that the satisfy the same *- 
algebraic and coalgebraic relations as the 0^, i.e. j = defines a *-bialgebra 
homomorphism j : PolM Polt/o(2). 

Let us show that j is injective. Assume there exists a non-zero function / = 
J2kn'^k,n^n ^^^^ ^^^t j{f) — 0. Let Uq bc the smallest integer for which there 
exists a /c G Z such that Afc,n 7^ 0. Take the representation tt = tto idi2(T) of 
C{Uo{2)) = C{SUo{2)) ® C[u[l)) (recaU that ttq was defined in Section 2.3.1). 
Since j{f) = 0, the operator x = = J2^k,n''^o ((a*)"Q;") t^^ has to vanish. 

Apply X to e„(, (8) 1. Since ttq ((q;*)"q;") e^^ = for n > no, we get xi^m 8) 1) = 
Z^fc A^Q^fcCo ® f e f) (8) -L^(T), which implies A„(,_jk = for all k, in contradiction 
to the choice of no. □ 

We can now give a description of all idempotent states on Uo{2). 

Theorem 6.3. The following gives a complete list of the idempotents states on 



(1) The idempotent states induced by the Haar measures on the two-dimensional 
torus and its closed subgroups. If p denotes the Haar measure o/T^ or 
one of its closed subgroups, then the corresponding idempotent (f)p state is 
given by 



JT2 

for n,m E Z+, k.l G Z. This includes the counit ofUo{2), for the trivial 
subgroup {1} o/T^. 



Am o j = {j j) o A. 



Uo{2). 
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(2) The family '^n,m = V'n ® (pm, n G Z+, m G N U {00} . Here (pm is an 
idempotent state on C{U{1)), namely the Haar measure for m = 00 and 
the idempotent state induced by the Haar measure ofZm for m G N. And 
ipn, n G Z+ is the idempotent state on C{SUo{2)) defined by 



((a*) V«0 



1 if r = s < n and k = 
else. 



Remark 6.4. The state \l/o,oo can be considered as the Haar state on Uq{2) since 
it is invariant, i.e. 

^0,00 = ^0,00 = /(l)^0,oo 

for any / G C(f/o(2))*. But \[^o,oo is not faithful. Its null space 

N^o.o. = {^iGPolf/o(2);^o,oo(n*^i) = 0} 

= span {(a*)^c"a^i;"; k e Z+,m,n e Z,£ > 1} 

is a left ideal, but not self-adjoint or two-sided. It is a subcoalgebra, i.e. we have 

but it is not a coideal, since the counit does not vanish on A/'-^g^ . 

Proof, (of Theorem 16.31) Let : C{Uo{2)) ^ C be an idempotent state on Uo{2). 
Then induces an idempotent state (j) o j on C{M). By Lemma 16.11 (p o j is 
integration against a probability measure of the form p® 5n with n G Z+ U {cxd} 
and p an idempotent measure on f/(l). This determines (p on the subalgebra 
generated by v and (a*)^'a'", r G N, we have 

for k & Z, r E Z_|_. 

Case (i): n = 00. For A; > and any r, s G Z_|_, £ G Z, we have 

\(P{{a*yc''a'v^)\^ < (l){{a*ya'-)(P{{a*y{c*)''c''a') 
= (P {{a*Ya' - {a*y+^a'+^) = 0, 

and therefore vanishes on the *-ideal generated by c. As in the proof of 
Lemma 1121 it follows that is induced by an idempotent state on Pol Uo{2) jX^ 
PolT^, i.e. is of the form given in (1). 

Case (ii): n = 0. Using again the Cauchy-Schwarz inequahty, we get 



c — 



(6.1) |0((a*)^^cV/)| < (P{{a*ya'^)(P{{a*ya' -{a*y+^a'+^) 

(6.2) |0((a*)"cV/)|^ < (P{{a*ya' -{a*y+^a'-+^)(P{{a*ya') 

(6.3) |0((a*)"aV)|^ < ((a*)'"a") ((a*)^a^) , 
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for A;, r, s G Z+, £ G Z. This shows that {{a*Yc''a'v^ ) vanishes, unless r = s = 0. 
different from 0. But then = 0*0 imphes 



l(A(cV)) = ^0 ((a*)^-^cV) (c'^-'^aV) = 



K=0 



for /c > 0, s G Z. By hermitianity ((c*)'^f^) = for /c > 0, and has the form 
given in (2) with n = 0. 

Case (iii): n G N. We use once more the Cauchy-Schwarz inequahty. For A; 7^ 0, 
( TO and (ESD imply that ((a*)^c^a"t;'^ ) vanishes unless r = s = n. But then 
we can show that = t^t implies ((a*)"c'^a"f ^) = in the same way as in 
the previous case. 

For = 0, we see from dSSD that {{a*ya'v^ ) vanishes unless r, s < ra. The 
elements {a*Ya^v^ are group-like, therefore ((a*)'"a'*f^) G {0, 1}. If we can show 
((a*)''a*f^) 7^ 1 for r 7^ s, we are done, since then ((a*)'"c'^a*f^) is non-zero 
only ii r = s < n. We get ((a*)^'a*f^) = 5rsp{v^) for r,s < n, i.e. has the form 
given in (2). 

We show ((a*)'"a**f^) 7^ 1 for r 7^ s by contradiction. Assume there exists 
a triple (ro, So,^o) such that ((a*)'"a*f^) = 1 and choose such a triple with 
maximal tq. Set 

b = {a*Y'^a''>v^' + (a*)'°a"«t;-^° - 1. 
Maximality of tq implies tq > Sq and 

therefore we get 

0(6*6) = 0((a*)'^oa''°) + 0((a*)^°a^») + l 

+0 ((a*)2'^«-'Oa'°t;2^) + ((a*)^°a2'^»-^0t;-2^) 
-20 {{a*y°a''>v^) - 20 ((a*)^«a"°t;-^) 



which is clearly a contradiction to the positivity of 
Conversely, using the formulas 



A((a*)"c'=aV) = Yl 

k 

A{{a*Y{c*)W) = J2 



K=0 



for r,s,k G Z+, £ G Z, for the coproduct in Pol[/o(2), one can check that all 
states given in the theorem are indeed idempotent. □ 
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The complete description of the idempotent states on SUo{2) follows now di- 
rectly from Theorem 16.31 and the comments before Theorem! 



Theorem 6.5. The following gives a complete list of the idempotents states on 
SUo{2). 

(1) The family 0„, n G N U {c>o} where 0i is the counit, 0oo the idempotent 
induced by the Haar state of quantum subgroup U{1), and 0„, 2 < n < oo, 
denotes the idempotent state induced by the Haar state on the quantum 
subgroup Z„. 

(2) The family t/^^, n G Z+ defined by 



1 if k = 0,r = s < n, 
else. 



*\k 



for r, s G Z_|_, A; G Z, with the convention 7 ^ = (7 

Similarly using the conditional expectation introduced in Paragraph I2.4.2[ we 
can derive a complete classification of the idempotent states on S0o{3). The 
proof is identical to the proof of Theorem 15.21 and therefore omitted. 

Theorem 6.6. All idempotent states on S0o{3) arise as restriction of idempotent 
states on SUq{2). Note also that we have again 0n| 0(500(3)) = 4>2n\c(sOo{3)) fo'^' n 
an odd integer. 

7. The idempotent states on SUq{2) as elements of the dual and 

ASSOCIATED QUANTUM HYPERGROUPS 

Let A be a compact quantum group and A the corresponding Hopf *-algebra 
dense in A. Then A is an algebraic quantum group in the sense of van Daele, and 
so is its dual A, given by the functionals of the form h{- a) with a E A. By |FS08bt 
Lemma 3.1], an idempotent state on A defines a group-like projection p^ in the 
multiplier algebra M{A) of the dual, and therefore, by |LvD07l Theorem 2.7] 
and |FS08b[ Theorem 2.4] an algebraic quantum hypergroup Ap^. As an algebra, 
Ap^ = P<j)Ap^, and the coproduct of Ap^ is given by 

Ap^ = {p^0p^)A{a){p^®p^) 

for a G Ap^, where A denotes the coproduct of A. 

Let q G (—1, 0) U (0, 1). In this section we will consider the case of the compact 
quantum group SUq{2) and describe the algebraic quantum hypergroups associ- 
ated to its idempotent states. Note that in this case the dense Hopf *-algebra is 
A = Pol SUq{2) = span {u^^^ : s G |Z+, —s<k,i<s}. We will use the basis 



e 



. , 1 _ o2(2s+l) 

kl 



■ ) 
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for A = PolSUg{2). Using the orthogonality relation 



g2(2s+l) 



for s,s' e |Z+, -s < k,i < s, -s' < k',i' < s', cf. |Koo89l Eq. (5.12)], we 

can check that this basis is dual to the basis {u^^^ : s G —s<k,i<s} of 

Pol SUq{2) . The algebraic quantum group A = PolSUq{2) is of discrete type and 
equal to the algebraic direct sum 

i= M2.+1. 

The e^i^^ form a basis of matrix units for M2S+1 = span {e^']'' : —s < k, £ < s}. 

The Haar state h and the counit e give the elements ph = I and Pe = e^^ 
in M(^), and the associated algebraic quantum hypergroups are Ap,^ = A and 

The remaining cases are more interesting. 

7.1. The idempotent state 02 = h'z^oj induced by the quantum subgroup 

Z2. We have 



00 s 
s=0 k=—s s=0 

i.e. P(^2 is the sum of the identity matrices from the odd- dimensional matrix 
algebras M2S+I1 s G Z+. This projection is in the center of M{A), therefore 
^2 = P(/.2«4.P(/,2 will be an algebraic quantum group. We get 

A= 0M2,+i = Pol5'O^), 

i.e. Ap^^ is discrete algebraic quantum group dual to SOq{?>). This is to be 
expected as Z2 is the only nontrivial normal quantum subgroup of SUq{2) and 
5*05(3) is the corresponding quotient quantum group. 

7.2. The idempotent state 0oo = ^c;(i) ° j induced by the quantum sub- 
group f/(l). Here 

00 

^00 

and this projection is not central. We get 

00 

s=0 

which is a commutative algebraic quantum hypergroup of discrete type. This is 
the dual of the hypergroup introduced in |Koo91l Section 7]. 
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7.3. The idempotent states 0„ = hz„ ° j , 1^ n < oo. The remaining cases 
also give non-central projections, 

oo r^i 

nk.nki 

s=o fc=-r^i 

I n I 

qfzl;^ — s<fc<s 

"=2 + 2fc = mod 2n + l 

for 1 < n < oo, cf. Equations (15.21) and fl5.3p . They lead to non-commutative 
algebraic quantum hypergroups An = 'P(i)n-M><f>ni 

oo 



k=0 

oo 

An+l = 0(2n + l)Mfc, 



fc=0 

of discrete type (in the formulas above nM2k+i denotes n direct copies of the 
matrix algebra M2k+i and similarly (2n -|- l)Mfc denotes 2n + 1 direct copies of 
the matrix algebra M^). 

Note that as the quantum subgroups consider in the last two paragraphs are 
not normal, the objects we obtain have only the quantum hypergroup structure 
(and can be informally thought of as duals of quantum hypergroups obtained via 
the double coset construction, |CV99] ). 

Appendix 

The goal of the appendix is to provide a short proof of coamenability of the 
deformations of classical compact Lie groups. To facilitate the discussion we use 
here the symbol G to denote a compact quantum group, G to denote the dual of G, 
C(G)red and C(G) to denote respectively the reduced and universal C*-algebras 
associated with G and L°°{G) to denote the corresponding von Neumann algebra 
(we refer for example to |Tom07j for precise definitions). Note that contrary to 
the main body of the paper we do not assume that the Haar state on G is faithful, 
so that G need not be in the reduced form. We adopt the following definition 
( |BMT02] . [TomOGj l 

Definition A.l. A compact quantum group G is said to be coamenable if the 
dual quantum group G is amenable, that is, L°°(G) has an invariant mean. 

The following result gives a useful criterion to check coamenability: 

Theorem A. 2. |BMT02l Theorem 4.7], |Tom061 Corollary 3.7, Theorem 3.8] ^ 

compact quantum group G is coamenable if and only if there exists a counit on 
C(G)rcd if o-nd only if there exists a *-homorphism from C(G)red onto C. 
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The second equivalence is fairly easy to show, in the first the forward implica- 
tion was established in [BMT02j and the backward implication in [TomOGj . 

Let G be a classical compact Lie group and Gq the g-deformation with the 
parameter — l<g<l,g7^0 (see |KS98j ). The function algebra C{Gq) is the 
universal C*-algebra generated by certain polynomial elements. The Haar state 
is denoted by h. 

The following theorem was proved by T. Banica ( |Ban99l Corollary 6.2]). We 
present another direct proof using L. I. Korogodski-Y. S. Soibelman's results on 
the representation theory of C(Gg). 

Theorem A. 3. The quantum group Gq is coamenable. 

Proof. Let us introduce the left ideal Nh := {a & C{Gq) \ h{a*a) = 0}, which is in 
fact an ideal of C{Gq). The reduced compact quantum group C(Gq)red is defined 
as the quotient C{Gq)/Nh. By Theorem IA.2I to show that Gq is coamenable it 
suffices to show that the C*-algebra C(Gg)red has a character. 

Consider an irreducible representation tt: C(Gq)red B{Ht,). Composing this 
map with the canonical surjection p: C{Gq) — > C{Gq)^ed, we get an irreducible 
representation vr o p of C{Gq). Thanks to |KS98l Theorem 6.2.7 (3), §3], we may 
assume that tt o p is of the following form: 

or 71 o p = Tit, where ■ ■ ■ Sj^, is the reduced decomposition in the Weyl group of 
G, and t & T, the maximal torus of G. In the latter case vr is a one-dimensional 
representation. In the former case, we remark that the counit of C{Gq) factors 
through Im vr^. for every i, that is, there exists rji : Im tt^. C such that r]i07Ts, = s 
(See the argument in |Tom07l p. 294]). 

Then we introduce a representation vf := {rji^ C?) ■ ■ ■ r/j^. ® id) o vr of C(Gg)red, 
which is well-defined and one-dimensional. Indeed, 

vr o p = [e ® ■ ■ ■ ® e ® Tit) o ^^^^ = i^t- 

Thus we have proved in each case the existence of a one-dimensional representa- 
tion of the C*-algebra C(G)red, and Gq is co-amenable. □ 
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